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30. IXI’RODUCTION 
IN [l] ADAMS completed the answer to the question of which spheres admit multiplications 
(continuous with identity). In [2] he noted that by generaiizing spheres slightly, one gets 
new H-spaces with interesting properties. These new H-spaces, like the spheres, are sus- 
pensions. The purpose of this paper is to classify all suspensions (in fact, all spaces of 
category < 2) which admit multiplications. The second part of the paper is devoted to the 
question of which suspensions have the homotopy type of a loop space (such as the three- 
dimensional sphere). 
Xote. All spaces are assumed to have the homotopy type of connected CW complexes. 
01 
Following [2], we let Y(G, n) denote the Moore space of type (G, n), i.e. a simply-con- 
nected space with trivial homology except for H, = G. Also in [2] is the proof of the follow- 
ing lemma (as part of the theorem on page 54). 
LEMMA 1. If n 2: 3 and G is a subgroup of the group Q of rational nwnbers mch that 
2G = G, then Y(G, n) is an H-space. If n = 3 or 7, the result holds ecen if2G # G. 
Using this lemma, together with the fact that for n odd, Y(c), n) is the same as the 
Eilenberg-MacLane space K(Q, II) (a!so noted in [2]), we can prove the following lemma 
(in which Z(p) = Q/Q,, 0, = (r/s E Q: s is prime to pj). 
LEMMA 2. If n 2 2 is et’en amip is odd, then Y(Z(p), n) is an H-spuce. If p is exen, the 
result holds for n = 2 or 6. 
Proof. Realize the inclusion QP c Q by a map Y(Q,, n + 1) + Y(Q, n + 1). Turn 
this into a fibration. From the spectral sequence it follows that the fiber is Y(Z(p), n). In 
fact, it is clear that the fiber is correct at least up to dimension n. Since H,(Y(Q, n + 1); 
Z(p)) = 0 for all i > 0, no other homology arises. Now it follows from the commutative 
7 The first part of this paper is essentially contained in a thesis completed in 1954 at Harvard under the 
direction of R. Bott. 
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diagram 
Y(ZCp,, n) ‘J Y(ZCPL 17) p-- Y(Z(p). n) 
1 i 
wYp),n) x Y(Z(p),n)+Y(Q,,f~+ 1) x Y(Q,,n+ l)-*Y(Q,,n+l) 
that the obstructions to restrictin g a multiplication on Y(Q,, n + 1) (which exists by 
Lemma 1) to Y(Z(p!. n) lie in relative cohomo!ogy groups of the pair on the left with co- 
efficients in the relative homotopy of the pair on the right. But this relative homotopy is the 
homotopy of Y(Q, II -!- 1) = Jy(Q, n + l), by the fibration discussed above. By the Kiinneth 
formula amd universal coeRicient theor:m, these cohomo!ogy groups vanish, yielding the 
existence of the desired multiplication. 
Now suppose X is a space of cntcgory I 2 with a mu!tiplication. By the restriction on 
cat X, the cohomology over any ring has no non-trivial products. On the other hand, the 
existence of a multiplication puts a Hopf algebra structure on the cohomology over any 
field. These two facts imply, by [7], that for any field F, there is at most one integer i > 0 
with H’(X, F) # 0. Also, if there is such an i, then H’(X; F) = F and if char F # 2 then i is 
odd. If char F = 2, then [I] implies i = 1, 3, or 7. 
THEOREM 1. An H-space of category 12 is either simply connected or homotopy equiva- 
lent to tfre circle S’. 
Proof. Let X be such a space and assume x1(X) + 0. Since X is an H-space x1(X) is 
abelian, but by (31, cat X < 2 imp!ies x1(X) is free. The only group satisfying these three 
conditions is Z. It follons then that H,(X) = Z xd H’(X; F) = F for any field F. By the 
preceding discussion H’(X; F) = 0 for any i > 1 and any field F. The universal coefficient 
theorem now implies that X has the homology of S’. Since S’ is a I;((Z, l), there is a map 
X-+ S’ inducing isomorphisms on ail and H, . This map turns out to be the required homo- 
topy equivalence, as can be seen by turning it into fibration ar.d considering the fiber W. 
What we need is to show that all homotopy groups of IV vanish, Since x1(W) = 0 it will 
sufice to show that Ft/ has trivial homology, and this in turn will follow from the spectral 
sequence if we can show that JC~(S’) acts trivially on H,( K’). B1:t if I is a loop representing 
the generator of xl(.S1) there is a loop i in X covering it and (assuming the base-point of X 
is its multiplicative identity) (lv, t) + N . i(t) is a homotopy of W into X which covers I and 
starts at the inclusion E’c X. Since it also ends at the il:clusion, it follows that I acts 
trivially. 
THEOREM 2. Suppose gicen 
(1) A subgroup G c Q of tfle rational numbers (G may be 0), 
(2) An odd integer n 2 3, Mvith 12 eitfler 3 or 7 if2G # G, 
(3) A set P of primes swfl that pG = G for eacfl p E P, 
(4) For each p E P an even integer np 2 2, w?th n2 = 2 or 6 if2 E P. 
Then Y(G, n) v VP E P Y(Z(p), np) is an H-space (as wdl, of course, as a suspension). These 
spaces are, up to homotopy, the only simply-connected H-spaces of category I 2. 
Proof. Since each of the spaces in the indicated one-point union is an H-space, the 
first statement follows from the remark that the union may be replaced by the corresponding 
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(weak) product bvithout nRecting homotopy type, since the tensor and tor terms of the 
Kiinneth formula all vanish in this case. 
Conversely, if X is a simply-connect:d fl-space of category _< 2. the discussion of the 
cohomology of Xat the beginning of this section shows that Xhas the correct cohom010gy 
o\-er any field to be of the indicated type. In fact, by the universal coefficient theorem, it must 
have the right (integral) homology. To show that it is actually of the desired homotopy 
type, we must realize the \.nrious factors of H,(X) by maps from the corresponding Moore 
spaces into A’. If the homo!ogy is all torsion (excluding H,, of course), the possibility of 
finding these maps follows from Serre’s generalized Hurewicz theorem [8]. If the torsion- 
free part is non-trivial, then the homology of Xconsists of a subgroup G of Q in some odd 
dimension n and various Z(p)‘s scattered among the even dimensions. Letf: X- K(Q, n) be 
a map which on H, is the inclusion G --f Q. Turning it into a fibration and considering the 
spectral sequence, we see that the fiber W has the same homology as Xexcept that H, has 
disappeared and Q/G has been added to H,_ 1. Since Q/G is a direct sum of Z(p)‘s for primes 
not already in the torsion of If,(X), it follows that Wis the sort of space for which we have 
already realized the homology by maps of Moore spaces. Since all the torsion in H,(X) 
comes from H,(W), it follows that the torsion can be realized. All that remains is G in 
dimension II. The problem is to lift through f the map Y(G, n) ---f Y(Q, n) = K(Q, n) cor- 
responding to the inclusion G -+ Q. The obstructions to constructing such a lift lie in 
H'(Y(G,n); ~l~-~(tY)) for i = n, n + 1. 
To see that these obstructions vanish we must consider the homotopy of Y(Z(p),j) 
for evenj. Since the fiber of an essential map .Sj” --, K(Q,j + 1) is the one-point union (or 
equivalently, the kreak product) of the spaces Y(Z(p),j),p varyir,g over all primes, it follows 
that zj+ ,(Y(Z(p),j)) = 0, while nj+k( Y(Z(pJ)) is the p-primary part of 7cj+k(.5i+1) for 
k > 1. The kernel of the Hurewicz map R,_~(W) --+ H,_,( CV) is therefore a finite group 
whose order r satisfies rG = G. Thus, a map G -+ z”_~( W) vanishes if its composition with 
the Hurewicz map vanishes. In particuiz r? the restriction to G of the homotopy boundary 
operator 6 vanishes since its composition with the Hurewicz map is the homology trans- 
gression, which certair.!y vanishes on G. But i3l G e Hom(G, X,-~(W)) = H"(Y(G, n); 
q,-I(W)) is the first obstruction. Next, since r,(Y(Q/G, IZ - 1)) = 0, i;,(W) is a finite group 
of order s with SC = G. Consequently, Hnf' (Y(G, n); ;in( CV)) = Ext(G, TC,( W)) vanishes. 
Following the terminology of Theorem 2, let X = Y(G> n) v VP s p W(P), np) be an 
tf-space of caregory 5 2. If X has the homotopy type of a loop space RB, then for any 
p E P, H*(B; ZP) is a po:ynomiai ring on one generator in dimension nP + 2, whiie for any 
prime p lvith pG f; G, H”(B; ZJ is a polynomial ring on one generator in dimension n -t 1. 
By [6], it follows that for every odd prime p E P, np + 2 divides 2(p - 1) and for any odd 
prime p with pG # G, II + 1 divides 2(p - 1). For p = 2, Theorem 2 of [S] imp!ics that n2 = 2 
if 2 E P while n = 3 if 2G # G. These necessary conditions are also sufficient for the existence 
of 3. The first step toward proving this will be the case X = Y(Z(p), n). 
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The endomorphism ring of Z(p) is isomorphic to the ring of p-adic integers, in which 
there is a primitive p - 1 root ,’ of the identity. Then for any divisor k of p - 1, say kl = 
p - 1, q = 5’ .” 15 an automorphism of Z(p) of order X-. This defines an action of Z, on Z(p) 
and allons us to form the semi-direct product S = S,., = Z(p) x Z,, which contains Z(p) 
‘I 
as a normal subgroup and Z, as a subgroup whose generator, acting by conjugation on 
Z(p), acts like q. Theorem 10.1 of [3], and the fact that homology of groups commute with 
direct limits, implies that the homology of K(S, 1) is all torsion (except of course H,) and 
that its p-primary component consists of one copy of Z(p) in each dimension of the form 
2ik - 1 (i = 1, 2, . . .), while its cob omology over Z, is a polynomial ring on one generator in 
dimension 2k. If we could form a simply connected space B and a map S -+ B mapping the 
p-primary part of H,(S) isomorphically onto H,(B), it would fo!low that RB is of type 
Y(Z(p), 21i - 2), completing the first step. 
LEMMA 3. There exists a simply connected space B and a map K(S, 1) --f B mapping 
the p-primary part of H,(K(S, 1)) isomorphically onto H,(B). 
Proof. We construct a sequence of approximations to B. Let K = K(S, l), H, = H,(K), 
HCp) = p-primary part of H Let B, = point, K + B, the unique map. Assume we have 
airLady constructed K -+ Bj’;uch that for n I j, H,(Bj) = H(i) and H,(K)-+ H,(Bj) is the 
canonical projection and such that Hi’!‘, maps onto Hj+l(Bj). Construct K + Bj+l as 
follows: Turn K -+ Bj into a fibration with fiber Fj. H,(Fj) has trivial p-component for 
nlj. Let J=Jj+l = Hj(+P’~(Fj). The projection Hj+,(Fj) -+J represents an element 
~EH~+‘(F~;J)= Hom(Hj+,(Fj),J). Let 7~ H j+2 B . . J) be the transgression of G. Then ( ,,
z defines a fibration K(J,j + 1) -+ Bj+, -+ Bj. K --) Bj lifts through Bj+l since 5 pulis back 
to 0 in Hjf2(K; J). We can assume that this map K -+ Bj+* (which may not yet be the map 
we want) is a fiber map over Bj. The induced map Fj + K(J,_j + 1) represents an element 
5 E Hj”(F: J). Although 5 may differ from G, its transgression must be T (since T is the 
characteri& class of the fibration K(K,j + 1) --f 6. ,+, -+ Bj). Thus 0 - 5 has transgression 
0, and so extends over K, defining a map K + K(J,j + 1). Combining this map with the 
original map K -+ Bj+L via the operation K(J,j + 1) x Bj+l -+ Bj+l gives us a map K-+ 
Bj+, which (by comparison of spectral sequences) has the desired properties. By construction 
we have an inverse system B, +- B, + . . . together with a compatible sequence of maps 
K --) Bj . Since Bj+ 1 -+ Bj is a homotopy equivalence up to dimension j, we can successively 
modify the B,;‘s so that Bj+l -+ Bj actually maps the j-skeleton of Bj+l homeomorphically 
onto that of Bj . Forming the obvious limit complex, we get the required X- B. 
COROLLARY. If k diEidesp - 1 (k > l), then Y(Z(p), 2k - 2) has the homotopy type ofa 
loop space. 
Proof. By spectral sequence argument, RB (B as in Lemma 3) is of type Y(Z(p), 2k -2). 
By the argument at the beginnin g of this section, these are the only values of n for 
which Y(Z(p), n) can be a loop space, provided p is an odd prime. For p = 2, one has the 
following 
Remark. Y(Z(2), 2) has the homotopy type of a ioop space. 
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Proof. Take an essential map from infinite quaternionic projective space to K(Q, 4). 
Use the method of the proof of Lemma 3 to spiit off the ?-primary part of the fiber of this 
map. This gives a space whose loop space is of type Y(Z(,Z), 2). 
The next step is to treat the spaces Y(G, 7:) for G c Q. 
LEMMA 4. If G c Q then Y(G, n - 1) has the homotopy t)‘pe of a loop space if either 
n = 4 or ifn is an ecen hisor of 2(p - 1) for any prime p with pG f G. 
Proof. Let P be the set of primes with pG # G, and let Z(P) be the direct sum x,-p Z(p). 
Then Y(Z(P), n - 1) has the homotopy type of a loop space. Indeed, if Y(Z(p). n - 2) = 
R(BcP)), then the weak direct product flF&, @‘) has as loop space flFEp Y(Z(p), n - 2), which 
is homotopy equivalent to Vpsp Y(Z(p), n - 2) = Y(Z(P), n - 2). Since the homology of B 
consists of copies of Z(P) in dimension ni - 1, we can form B by starting with a point and 
successively attaching cones over Y(Z(P), ni - 2). The proof wiil be accomplished by show- 
ing that these can be replaced by cones over Y(Gsi, ni - 1) (G@” = i-th tensor power). 
Note first that since Q/G z Z(P), the fiber of any essentia! map Y(G, n) --t Y(Q, n) = 
K(Q, n) is Y(Z(P), n - 1). We thus get a map Y(Z(P), n - 1) --f Y(G, n) which induces 
isomorphisms on mod p cohomology for all primes p. Let Bj c B be the ?Ij-th homology 
section (i.e. Bj is formed, as B, by attaching cones over Y(Z(P), ni - 2), but the process 
stops at i =j). Then B, = Y(Z(P), II - 1). Let C, = Y(G, n), f, : B, + C, the map con- 
structed above. Suppose, inductively, that we have constructed a space Cj_I by attaching 
cones over Y(G5’, ni - 1) and a mapfj_l : Bj_l -+ C,_, inducing isomorphisms on mod p 
cohomology for all p. Let us now cornput- some homotopy groups of Cj_l. We do this by 
comparing with K(G, n). Using spectral sequence computations of the homology and the 
mod p cohomology rings of K(G, n) (starting with the fact that K(G, 1) has no homology 
in dimensions above one), one finds that a map Cj_l -+ K(G, n) which induces the identity 
on H, = G must induce isomorphisms module the class ‘8’ of finite P-groups on homology 
up to dimension nj - 1. Since Hnj(K(G, n)j is isomorphic modu!o 8 to G~j,sois~,~_~(C~._J. 
Since any subgroup of G@j with finite index is isomorphic to G’j (G@j being torsion-free 
of rank one), x~~-~(C~_~) z G@‘@ F, where F is a finite P-group. Also ~c,,~_~(C~_~) is a 
finite P-group. By the universal coefficient theorenl for homotopy [5], [Y(Z(P), nj - 2), 
Cj-l] z Ext(Z(P), G”) @ Ext(Z(P),F) 2 Ext(Z(P),G”) @ F, [ Y(Q, nj - 2), Cj_l] z 
Ext(Q, G@‘). Now, let i E H,(C,-_,; G). be the element corresponding to the identity in 
Hom(G, G) 2 Hom(H,(Cj_,), G) g H”(Cj_I; G). For any g g [ Y(Z(P), nj - 2), Cj_l] we 
get a functionalj-th power map H”(Cj_l; G) -+ H”j-’ (Z(P); G@j). Evaluation on ; gives a 
homomorphism [Y(Z(P), ni - 2), Cj-l] --+ H”‘-‘(Z(P), G@‘). By the assumptions on the 
cohomology ring of B, the image under this homomorphism offj_l. ‘1 (1 : Y(Z(P), nj - 
2)-+ Bj-l the attaching map for Bj) is not divisible by anyp E P. Since H”j-‘(Z(P), G@j) is 
torsion-free (it is the product of the p-adic integers, p varying through P), the finite summand 
of [Y(Z(P), ni - 2), C,-,] is annihilated by the above homomorphism, and so the com- 
ponent offj-Ia z in Ext(Z(P), G@‘) is not divisib!e by any p E P. This is equivalent to saying 
that in the associated extension 0 + G@j --f E + Z(P) + 0, E E Q. If this sequence is used to 
define a cofibration Y(Q, nj - 2) -+ Y(Z(P), nj - 2) + Y(G@j, rrj - l), then fj_l, t( pulls 
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back to zero on Y( Q, nj - 2) and therefore extends over Y(G@j, nj - 1). We get a com- 
mutative diagram 
Y(z(P), f7j - 2) --t Y(G@“, I7j - 1) 
1 1 
8j-1 --* cj-l 
Taking mapping cones of the vertical arrows givesfj : Bj + Cj, allowing us to continue the 
induction. Letting C be the ur,ion of the Cj’s (Lvith the weak topology), we get RC of type 
Y(G, I7 - 1). 
THEORE~I 3. ..I space Y(G, n) v Vpsp Y(Z(p), np) has the homotopy t)‘pe of n loop space 
if and 0nl.v if the following three conditions are satisfied: 
(1) n is odd and n + 1 divides 2(p - 1) for each p brith pG # G or else n = 3, 
(2) np is eren and np + 2 dicides 2(p - 1) for each p E P or else np = 2, 
(3) pG = G for each p E P. 
Furthermore, these are the only simply-connected loop spaces of category I 2. 
Proof. All that requires comment is that the one-point union may be replaced by the 
weak Cartesian product without changing homotopy type. 
Ackno~r~ledgement--I wish thank Paul Green for a simple remark (on the cohomology of 
the symmetric group S,) which inspired part 2. 
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